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Abstract
We analyze the lattice fermion kinetic term using PT symmetry, R-hermiticity, and γ5-hermiticity.
R-hermiticity is a condition for Hermite action and it is related to γ5-hermiticity and PT symmetry.
Assuming that a translation-invariant kinetic term with continuum and periodic function does not
have PT symmetry, it can have R-hermiticity or γ5-hermiticity. We prove that a kinetic term with
continuum and periodic function that is PT symmetric does not reduce doublers. As a simple example,
we analyze the two-dimensional two-flavor GrossNeveu model with minimal doubling fermions. The
minimal doubling fermions break PT symmetry and R-hermiticity, hence complex or non-Hermite
coupling constants are caused by quantum correction.
1
1 Introduction
Lattice gauge theory is a powerful tool for revealing nonperturbative quark dynamics [1]. In
this formulation, the space-time coordinate is discretized and physical variables are defined at sites
and links. We can calculate observables in the strong coupling region using various techniques, e.g.,
high temperature expansion. Monte Carlo simulations are particularly effective methods to investi-
gate nonperturbative physics and are currently being carried out. As is well known, a naive lattice
fermion has redundant physical degrees of freedom, doublers; this is called the doubling problem.
We cannot remove doublers without sacrificing some symmetries or properties, because of the no-go
theorem of Nilsen and Ninomiya [3]. To overcome this problem, many fermion formulations have been
constructed, e.g., the Wilson fermion [1] and the KS fermion [2]. The application of lattice formula-
tion to theories involving matter fields, e.g., quantum chromodynamics (QCD), is a major problem.
In particular, exact chiral symmetry is important in analyzing nonperturbative QCD; however, this
symmetry is incompatible with the removal of doublers. In recent years, Creutz constructed an exact
chiral symmetric lattice fermion [4], and Borici fitted it to an orthogonal lattice [5]. A few decades ago,
Karsten constructed a fermion formulation with the same structure, but with a different action to the
Creutz one [6]. These fermions are called minimal doubling fermions [4]-[16]. The minimal doubling
fermions break (hyper-)cubic symmetry and some discrete symmetries, such as charge conjugation
(C), parity transformation (P), time reflection (T), and so on. Many properties of the fermions have
been analyzed in an orthogonal lattice [6]-[15] and hyperdiamond lattice [16]. In quantum theory,
we must fine-tune some parameters to preserve these symmetries; however, it is difficult to adjust
them generally. In this paper, we analyze the translation-invariant, continuum, and periodic function
lattice fermion kinetic term using γ5-hermiticity, R-hermiticity, and PT symmetry. These symmetries
and hermiticities are related to each other. For example, assuming that a translation-invariant kinetic
term with continuum and periodic function does not have PT symmetry, it can have R-hermiticity
or γ5-hermiticity. R-hermiticity is a reality or Hermite condition for renormalized coupling constants
perturbatively. We show that a PT-symmetric kinetic term cannot reduce doublers. As a simple
example, we apply minimal doubling fermions that do not have PT symmetry or R-hermiticity to
the two-dimensional N-flavor GrossNeveu model and calculate renormalization group flows. In this
flow, complex or non-Hermite coupling constants are caused by quantum correction. This paper is
organized as follows. In Sect 2, we discuss the relationship between PT symmetry, R-hermiticity, and
γ5-hermiticity. In Sect. 3, we conclude and summarize the paper.
2 γ5-hermiticity, R-hermiticity and PT symmetry
In this section, we define γ5-hermiticity, R-hermiticity and PT symmetry in lattice fermion for-
mulation and show how they restrict a kinetic term. γ5-hermiticity is closely related to sign problem,
i.e., the fermion determinant is not a positive value, and it is sometimes used as an Hermite condition.
R-hermiticity is a classical Hermite condition, which is used in e.g., Ref. [18]. In quantum theory, we
will show that this condition restricts effective coupling constants to real values in perturbation. PT
symmetry is important for a fermion kinetic term and doublers. We will discuss these issues in detail
below.
For a concrete discussion, we will focus on only kinetic terms in four dimensions. We can easily
extend the following discussion to even dimensions. We define a translation-invariant kinetic term in
momentum space as follows (the lattice space a = 1):
S =
∫
d4k
(2pi)4
ψ¯(−k)D(k)ψ(k), (2.1)
2
with
D(k) =
4∑
µ=1
fµ(k)γµ, (2.2)
where fµ(k) are complex numbers in general and f(k)µ → ikµ in the classical continuum limit.
We define γ5-hermiticity, R-hermiticity and PT symmetry as follows
1:
γ5-hermiticity : D(k) = γ5D
†(k)γ5, (2.3)
R-Hermiticiy : D(k) = D†(−k), (2.4)
PT symmetry : D(k) = γ5D(−k)γ5. (2.5)
These conditions are not independent each other. We can easily deduce that, if a kinetic term
satisfies two of the three conditions, the other condition is automatically satisfied, and this fact is a
sufficient condition. If fµ(k) is pure imaginary, γ5-hermiticity assures an anti-Hermite condition for
the kinetic term and a real positive fermion determinant. R-hermiticity is also used as an Hermite
condition, e.g., in Ref.[18]; however, it is not well-defined because the forward-derivative kinetic term,
Dfd(k) =
∑
µ
(
eikµ − 1
)
γµ, satisfies this condition.
Hence, we will show that R-hermiticity is a condition for real effective coupling constants in
perturbation. We assume that a fermion kinetic term has R-hermiticity and that the effective coupling
constants have the following form:
geff = g0 +
∞∑
n=1
I(n), (2.6)
with
I(n) =
∫ pi
−pi
r∏
i=1
d4ki
(2pi)4
· I
(n)
α1β1···αrβr
(−k1, · · · ,−kr) ·
r∏
j=1
Sαjβj(kj), (2.7)
where g0 is a real bare coupling constant whereas geff is an effective coupling constant. Sαβ(k) is
a fermion propagator and I(n) is the n-loop quantum effect, which is constructed from r-fermion
propagators. If Hermite conjugate acts on the second term on the r.h.s. of Eq.(2.7), the effective
parameter is real if the following condition is satisfied;
I
(n)
α1β1···αrβr
(−k1, · · · ,−kr) = I
(n)†
β1α1···βrαr
(k1, · · · , kr). (2.8)
This equation is the Hermite condition for I(n). If the action is constructed from Hermite terms
except a fermion kinetic term, this equation is satisfied. Therefore R-Hermiticiy is a reality or
Hermite condition for coupling constants as long as Eq.(2.8) is satisfied.
Figures.1-3 show renormalization grop flows(RGFs) of the Gross-Neveu model in two dimensions
using naive action(NA) and minimal doubling actions(MDAs). This is the simplest model for visu-
alizing complex or non-Hermite coupling constants caused by quantum correction. We define MDAs
and Gross-Neveu model and explain how to calculate Wilsonian RGFs in Appendixes A, B, and C
respectively. Because the MDAs have only γ5-hermiticity, the mass term has an off-diagonal or com-
plex quantum correction, which is proportional to a γ matrix. A more complicate example is given
in Ref.[11]. Using the Wilsonian method [22], we calculate numerically the RGFs for the mass and
coupling constant starting from the trivial fixed point, m = g2 = 0. In the case of the MDAs, we use
doublers as the different flavor fermions, and, in the case of the NA, we use only two poles, p˜ = (0, 0)
1In following discussion, we can use C symmetry instead of PT symmetry because of CPT theorem.
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Figure 1: The RGFs of the NA and MDAs. The initial parameters are m11 = m22 = m33 = m44 =
0,±0.25,±0.5, g2 = (a)0, (b)0.2, (c)0.4. The RGFs run from the initial conditions toward infrared,
which the g2 are increasing.
and (pi, pi). We represent the spinor indices explicitly, and we distinguish 0, 1 from 2, 3 as different
flavors. We assume that high-frequency modes of fields ψ(1 < |k|), ψ¯(1 < |k|), and σ(1 < |k|) are
not effective, and we neglect their contributions. We choose the initial conditions for the mass to be
m00 = m11 = m22 = m33 = 0,±0.25,±0.5, and for the coupling constant to be g
2 = 0, 0.2, 0.4. We
set the off-diagonal mass components equal to zero in all cases. We will calculate numerically the
one-loop quantum effects and RGFs, which run from the initial conditions 2. In our calculation we
define γ matrices as follows:
γ1 =
(
0 −i
i 0
)
, γ4 =
(
0 1
1 0
)
. (2.9)
The results are shown in Fig.1. The RGFs of the NA and MDAs have similar forms and the
difference between each value is O(10−3). In MDA cases, however, off-diagonal mass components are
generated by the RGFs, except the initial value, which is a trivial fixed point, m = 0, g2 = 0. We
show this fact in Fig.2 and 3 with an initial condition of m = 0, g2 = 0.2. Figures.2(a) and (b) show
2To estimate integrating part of the one-loop calculation, we used the sectional measurement method. We chose the
division length to be ∆pµ = 0.01. The error is O(0.01
2) by one iteration.
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Figure 2: The off-diagonal mass and coupling constant of the MDAs, (a)Dmd1, (b)Dmd2. The initial
parameters are m11 = m22 = m33 = m44 = 0, g
2 = 0.2. The RGFs run from the initial conditions
toward infrared which the g2 are increasing. The RGFs have irregular forms and the off-diagonal
mass components show non-hermiticity.
the RGFs of Dmd1(p) and Dmd2(p), respectively. Figures.3(a) and (b) show the relationship between
the off-diagonal mass components and iterations using Dmd1 and Dmd2, respectively. Though the
off-diagonal mass components amplify as the flows approach IR because of the scaling effect, they do
not break chiral Z4 symmetry
3. These ∆m are not always complex but off-diagonal. We can choose
a γ matrix representation, which diagonalizes one matrix, e.g., γ1 =
(
1 0
0 −1
)
, γ4 =
(
0 −i
i 0
)
.
In this representation, shifted mass is complex, ∆m ∝ iγ1 =
(
i 0
0 −i
)
.
In principle, these terms can be canceled by counterterms; therefore, we can fine-tune the pertur-
bation [11]. However, nonperturbative analysis is difficult and this problem must be solved in future
work.
Next, we will show that PT symmetry is always broken if we add extra kinetic terms to a NA to
reduce it to doublers 4.
Statement.
In even dimensions, a PT-symmetric kinetic term with assumed periodicity and continuity function
always has equal to or more than 2d poles.
Proof.
For simplicity, we also assume translation invariance 5. A general 2pi periodic and continuum D(k)
has the following form:
D(k) =
d∑
µ,ν=1
∞∑
n∈Nd
[(Aµν(n) + iBµν(n)) cos(nνkν) + (Cµν(n) + iDµν(n)) sin(nνkν) + Eµν ] γµ, (2.10)
3These generated couplings are essentially different from mass. They do not break chiral symmetry because ∆m ∝
iγµ. These terms couple ψ¯L to ψL and ψ¯R to ψR.
4This argument has been discussed in Ref.[9], although not mathematically.
5We can similarly arrive at same statement without translation invariance. In the case of non-translation invariance,
a kinetic term has two-momenta dependence D(k, p), and at least 4d doublers appear.
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Figure 3: The off-diagonal mass and iteration of the MDAs, (a)Dmd1, (b)Dmd2. The initial parameters
are m11 = m22 = m33 = m44 = 0, g
2 = 0.2. The off-diagonal mass components are generated and
have non-hermiticity.
where Aµν(n), Bµν(n), Cµν(n),Dµν(n) are real constants and Eµν are complex constants. From PT
symmetry,
Aµν(n) = Bµν(n) = Eµν = 0, for all µ, ν, n. (2.11)
The D(k) always has two poles at k = 0 and pi for each dimension. Therefore D(k) has equal to
or more than 2d poles.
This statement means that we cannot reduce the number of doublers using PT-symmetric kinetic
terms 6. In a numerical simulation context, γ5-hermiticity is a very important condition to avoid
the sign problem. Assuming translation invariance, R-hermiticity is not satisfied if D(k) satisfies γ5-
hermiticity but not PT symmetry. Therefore, the effective parameters have explicit non-hermiticity.
In the process of rewriting from Minkowskian to Euclidean, Hermite fermion kinetic terms trans-
mute to anti-Hermite ones. In the Minkowski formulation, we forbid non-Hermite or complex cou-
plings using the Hermite condition. In contrast, the definition of “Hermite” in Euclidean space is
ambiguous. Though some MDAs have reflection symmetry or reflection positivity, which are equal
to the Hermite conjugate or unitarity in Minkowski space, these conditions do not properly have
non-hermiticity. Similarly, γ5-hermiticity is commonly used as an Hermite condition, but we cannot
forbid non-Hermite or complex couplings directly. A kinetic term that reduces the number of doublers
allows the possibility of generating these anti-Hermite effective coupling constants. R-hermiticity is
a criterion to remove non-hermiticity.
3 Conclusion
We have analyzed the translation-invariant, continuum and periodic function lattice fermion ki-
netic term using γ5-hermiticity, R-hermiticity and PT symmetry. These conditions are not indepen-
dent, because satisfying two of the three conditions is a sufficient condition for the other condition.
However, it is not a necessary condition. Additionally we have suggested that R-hermiticity is a
condition for removing non-hermiticity or complex couplings.
6We cannot apply this statement to the non-γµ linear case, e.g., the Wilson fermion.
6
We have proved that the PT-symmetric kinetic term does not reduce doublers. Because minimal
doubling fermions have only γ5-hermiticity it generates a renormalized non-Hermite or complex mass
by quantum correction. As a simple example of non-R-hermiticity, we visualize the complex coupling
constant using one-loop Wilsonian renormalization group flows of the two-flavor Gross-Neveu model
in two dimensions.
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Appendix
A Minimal doubling fermion
In this section, we will briefly review minimal doubling fermion actions briefly [4]-[16]. To ana-
lyze the quantum correction using two-dimensional GN model, we discuss minimal doubling fermion
properties in two-dimensions here.
We define the kinetic terms of naive action(NA) and two minimal doubling actions(MDAs) in
two-dimensional momentum space as follows:
Skin =
∫
d2p
(2pi)2
ψ¯(−p)D(p)ψ(p), (A.1)
where the subscript “kin” means a kinetic term, and
D(p) =


∑
µ=1,4 i sin pµγµ ≡ Dn(p)
i(sin p1 + cos p4 − 1)γ1 + i(sin p4 + cos p1 − 1)γ4 ≡ Dmd1(p)
i(sin p1 + cos p4 − 1)γ1 + i sin p4γ4 ≡ Dmd2(p)
.
(A.2)
We fix a value of lattice space, a = 1, from now on. The subscripts 1, 4 mean the space and time
components respectively. Dmd1 and Dmd2 are called the “twisted ordering action” and the “dropped
twisted ordering action” respectively 7.
In two dimensions, the NA has four zero-modes and the MDAs have two, which appear in the
following momenta:
Dn : p˜ = (0, 0), (0, pi), (pi, 0) and (pi, pi),
Dmd1 : p˜ = (0, 0) and (pi/2, pi/2), (A.3)
Dmd2 : p˜ = (0, 0) and (0, pi).
The doublers appear around each zero-mode as D(p) = D(p˜+ q) with D(p˜) = 0, and they contribute
observables. In the case of the NA, the half doublers have the same chirality and the others have
opposite.
In cases of the MDAs, they have opposite chirality to each other. The NA and MDAs have
γ5-hermiticity:
γ5D(p)γ5 = D
†(p). (A.4)
For massless fermions, they also have chiral symmetry:
γ5D(p) +D(p)γ5 = 0. (A.5)
The MDAs violate (hyper-)cubic symmetry and some discrete symmetries. We define charge conju-
gation(C), parity transformation(P), time reflection(T), and their combinational transformation laws
7 We have another choice of Dmd2 action, Dmd2(p) = i(sin p4 + cos p1 − 1)γ4 + i sin p1γ1. This action does not have
CP and T symmetry but has CT and P symmetries. In addition, this action does not have reflection symmetry, or
reflection positivity. We can apply the same argument in this paper to another Dmd2 [13]
8
Table 1: Discrete symmetry for the NA and the MDAs
C P T CP CT PT CPT
naive © © © © © © ©
md1 × × × × × × ©
md2 × × © © × × ©
acting on a fermion kinetic term 8:
C : D(p) → −CD⊤C−1(−p)
P : D(p) → γ4D(−p1, p4)γ4
T : D(p) → γ1D(p1,−p4)γ1
CP : D(p) → −γ4CD
⊤C−1(p1,−p4)γ4 (A.6)
CT : D(p) → −γ1CD
⊤C−1(−p1, p4)γ1
PT : D(p) → γ5D(−p)γ5
CPT : D(p) → −γ5CD
⊤(−p)C−1γ5
We present these symmetric properties of the NA and MDAs in Table 19.
B The N-flavor Gross-Neveu model and renormalization group flow in two di-
mensions
In this section, we describe the N -flavor Gross-Neveu(GN) model [19] and calculate Wilsonian
renormalization group flows(RGFs) using the NA and MDAs numerically. Firstly we will review the
N -flavor GN model and then we will calculate the RGFs.
We define the continuum Euclidean Lagrangian of the N -flavor GN model as follows:
LGN = ψ¯ (∂ · γ +m)ψ −
g2
2N
(
ψ¯ψ
)2
, (B.7)
where m is a fermion mass and g is a coupling constant of the four-Fermi interaction. We omit flavor
indices if we do not have to write them explicitly: ψ¯ψ ≡
∑N
i=1 ψ¯iψi, where “i” means flavor degrees
of freedom.
This Lagrangian has U(1) symmetry:
ψ → eiθψ,
ψ¯ → ψ¯e−iθ. (B.8)
In the case of massless fermions, this Lagrangian has chiral Z4 symmetry:
ψ → (iγ5)
n ψ,
ψ¯ → ψ¯ (iγ5)
n . (n = 0, 1, 2, 3) (B.9)
In the case of massive fermions, chiral Z4 symmetry reduces to chiral Z2 symmetry(n = 0, 2). In
addition, if all flavors have the same masses, it has SU(N)F symmetry:
ψi → Uijψj ,
ψ¯i → ψ¯jU
†
ji, (U ∈ SU(N)) (B.10)
8We can apply the same laws to four-dimensional theory, using p1 → p instead.
9“T” represents site and link reflection in lattice space. In the case of Dmd2, it has link reflection positivity [8].
9
It is convenient to redefine the GN action using an auxiliary scalar field σ instead of (ψ¯ψ):
LGN = ψ¯ (∂ · γ +m)ψ +
N
2
σ2 + gσψ¯ψ. (B.11)
According to this manipulation, we can obtain the action which involves Yukawa interaction instead
of four-Fermi interaction. According to a perturbative calculation, the GN model has asymptotic
freedom [20, 21].
C The Wilsonian renormalization group
In this appendix, we review a method to calculate the Wilsonian renormalization group flow in
the case of the GN model in two dimensions [22].
We define the partition function of the GN model in momentum space 10:
Z =
∫
DσDψDψ¯ exp(−SGN), (C.12)
with
SGN =
∫
0<|p|<1
d2p
(2pi)2
LGN, (C.13)
where
Dσ =
∏
0<|k|<1
dσ(k), Dψ =
∏
0<|k|<1
dψ(k), Dψ¯ =
∏
0<|k|<1
dψ¯(k), (C.14)
and LGN is given in Eq.(B.11). We can treat N as a mass parameter of the auxiliary field σ. Here we
assume that the high-frequency modes have already integrated and they effectively do not contribute.
Then we split the field configurations as follows:
σ(p) = σl(p) + σh(p), (C.15)
where
σl(p) = σ(p) if 0 < |p| <
4
5
, zero otherwise, (C.16)
σh(p) = σ(p) if
4
5
< |p| < 1, zero otherwise, (C.17)
and the other fields are also split similarly 11. We choose the renormalization conditions as follows:
Γ
(2)
ψ (0, 0) = −mR, (C.18)
Γ(2)σ (0, 0) = −NR, (C.19)
Γ(3)(0, 0, 0) = −gR, (C.20)
where Γ(i) are renormalized i-point functions, mR, NR, gR are renormalized parameters, and the argu-
ments of Γ(i) are external momenta. In order to obtain effective parameters, we calculate the one-loop
10We omit the subscript, which indicates flavor.
11For numerical efficiency, we choose a division that is split between σl and σh as p =
4
5
.
10
effect and integrate out only high-frequency modes:
mRαβ =
(
5
4
)−2
η2ψ
[
m− g2
∫
4
5
<|k|<1
d2k
(2pi)2
Sαβ(k)D(k)
]
, (C.21)
NR
2
=
(
5
4
)−2
η2σ
[
N
2
+
g2
2
∫
4
5
<|k|<1
d2k
(2pi)2
tr [S(k)S(k)]
]
, (C.22)
gR =
(
5
4
)−4
η2ψησ
[
g + g3
∫
4
5
<|k|<1
d2k
(2pi)2
(S(k)S(k))αβD(k)
]
· δαβ ,
(C.23)
where S(k) and D(k) are propagators of each field presented below, “tr” is a trace operation of
the fermionic indices, and ηψ and ησ are rescaling parameters for the fermion and auxiliary field
respectively. We can define these parameters with dimensional analysis in the following values:
ηψ =
(
5
4
)3/2
, (C.24)
ησ =
5
4
. (C.25)
We can obtain propagators from the GN action:
S(k) =
[
Df (k˜ + k) +m
]−1
, (C.26)
D(k) =
1
N
, (C.27)
where Df (k) is one of the lattice fermion kinetic terms in Eq.(A.2) and k˜ is the zero-mode momentum
in Eq.(A.4). Substituting Eqs.(C.26) and (C.27) for Eqs. (C.22)–(C.23), we can obtain the effective
mass and coupling constant after integrating out over fields σ(45 < |k| < 1), ψ(
4
5 < |k| < 1), and
ψ¯(45 < |k| < 1).
References
[1] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[2] J. B. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975).
[3] H. B. Nielsen and M. Ninomiya, Nucl. Phys. B 185, 20 (1981).
[4] M. Creutz, JHEP 0804, 017 (2008) [arXiv:0712.1201 [hep-lat]].
[5] A. Borici, Phys. Rev. D 78, 074504 (2008) [arXiv:0712.4401 [hep-lat]].
[6] L. H. Karsten, Phys. Lett. B 104, 315 (1981).
[7] F. Wilczek, Phys. Rev. Lett. 59, 2397 (1987).
[8] M. Pernici, Phys. Lett. B 346, 99 (1995) [arXiv:hep-lat/9411012].
[9] P. F. Bedaque, M. I. Buchoff, B. C. Tiburzi and A. Walker-Loud, Phys. Lett. B 662, 449 (2008)
[arXiv:0801.3361 [hep-lat]].
11
[10] S. Capitani, J. Weber and H. Wittig, PoS LAT2009, 075 (2009) [arXiv:0910.2597 [hep-lat]].
[11] S. Capitani, M. Creutz, J. Weber and H. Wittig, JHEP 1009, 027 (2010) [arXiv:1006.2009
[hep-lat]].
[12] B. C. Tiburzi, Phys. Rev. D 82, 034511 (2010) [arXiv:1006.0172 [hep-lat]].
[13] M. Creutz and T. Misumi, Phys. Rev. D 82, 074502 (2010) [arXiv:1007.3328 [hep-lat]].
[14] M. Creutz, PoS LATTICE2010, 078 (2010) [arXiv:1009.3154 [hep-lat]].
[15] M. Creutz, T. Kimura and T. Misumi, JHEP 1012, 041 (2010) [arXiv:1011.0761 [hep-lat]].
[16] P. F. Bedaque, M. I. Buchoff, B. C. Tiburzi and A. Walker-Loud, Phys. Rev. D 78, 017502 (2008)
[arXiv:0804.1145 [hep-lat]].
[17] T. Kimura and T. Misumi, Prog. Theor. Phys. 123, 63 (2010) [arXiv:0907.3774 [hep-lat]].
[18] A. Pelissetto, Annals Phys. 182, 177 (1988).
[19] D. Gross and A. Neveu, Phys. Bev. D 10, 3235 (1974).
[20] W. Wetzel, Phys. Lett. B 153, 297 (1985).
[21] N. D. Tracas and N. D. Vlachos, Phys. Lett. B 236, 333 (1990).
[22] K. G. Wilson and J. B. Kogut, Phys. Rept. 12, 75 (1974).
12
